For the study of collective excitations in a superconducting nuclear system with the pairing force, the dynamical nuclear field theory (DNFT) is extended so as to include higher-order effects. Effective number and pair-creation operators are evaluated up to second-order in the amplitudes of the pair rotation or vibration. The number equation and the self-consistency condition are extended to the same order accordingly, while the effective Hamiltonian is calculated up to third-order. Physical interpretation of the results becomes easy if renormalized collective parameters are used. Decoilpling of the pair rotation and the pair vibration is shown to persist in the higher-order approximation. § 1. Introduction
In previous papers l ),2) (from now on, referred to as I and II, respectively), we have studied collective excitations of a nuclear system with the pairing force by the dynamical nuclear field theory (DNFT) in the lowest-order approximation_ Collective modes are composed of the pair rotation and the pair vibration. They have the same properties as those of the random phase approximation,3) but now are evaluated in the basis system taken as the starting point for the perturbative expansion. In this paper we discuss corrections for these results by applying DNFT extended to higher-order.
As will be shown in § 2, two collective parameters, the energy gap and the chemical potential, are expanded up to second-order in the small amplitudes of the pair rotation and vibration, and thus include terms up to quadratic phonon numbers. Consequently, the perturbing interaction between a particle and collective modes in the driving Hamiltonian consists of the first-and second-order terms.
By using this interaction we calculate effective operators for the pair-creation and the nucleon number up to second-order in § 3. In § 4 we postulate the selfconsistency between the former and the energy gap. We demand rather drastically all the second-order terms of the effective number operator to vanish. The coefficients of these conditions include complicated linear combinations of functions defined in Appendix A. In order to get some physical insight, we rewrite these equations more transparently in § 5. We find that renormalizations of the collective parameters are very much helpful. In § 6 we calculate the effective Hamiltonian up to third-order by using the formula for the perturbative expansion given in Appendix C. We obtain two kinds of the interactions between the pair rotation and the pair vibration, linear and quadratic in phonon numbers. The former can be shown to vanish, while the latter can be brought to a renormalization correction for the second-order Hamiltonian. Finally conclusions are contained in § 7. § 2. Hamiltonians and collective parameters As in I and II, we start with the Hamiltonian H=Hsp-GPtp, (2'1) in which the single-particle Hamiltonian and the pair-creation operator are given by Hsp= ~ eaCa t Ca , a (2'2) respectively. The time-dependence of the Hartree-field Hamiltonian can be eliminated by transforming to the intrinsic frame. The resultant driving-Hamiltonian is decomposed as
Here Ho=Hsp-Llo(Pt + P)-AoN + wb t b,
in which N is the number operator and w is the phonon energy (n=l).
In the present paper, we expand the differences Ll-Llo and A -Ao of Eq. (2' 5) up to second-order in the small amplitudes of the pair vibration and the pair rotation. The difference of the energy gap consists of the rotational and vibrational parts, and their coupling
The rotational part is expressed as (2'7) in which c,ioLl)2 means a correction for oLl determined in I in the lowest-order approximation. When the vibrational part is divided as
the first term is linear in b t or b, as given in II (2'9) while the second term, being quadratic in phonons, takes the general form
Because of the boson property of the phonon, the last term on the right-hand side of Eq. (2'10) expresses a constant shift of Ll arising from the pair vibration. The coupling of the pair rotation with the pair vibration may be expressed as (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) in which ot; and or; are expected to be proportional to oLl. Corresponding to these expansions, we can write V as
. (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) As given in II, the first-order interaction V [l] consists of the rotational and vi 7 bra tiona I parts (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) while the second-order interaction V [2] includes also the coupling of the pair rotation with the pair vibration Written out explicitly, they are
(2-17) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) . It should be noted that the phonon energy w of Eq. (2 -4), which will be determined in the higher-order approximation, is different from the lowest-order value. The difference will be denoted as ow. § 3_ Effective one-body operators
We here construct the effective operators for the creation of a pair and the number of quasi particles in a state a, denoted as f) a t = aa t ai/ and n a = aa t aa, respectively. We aim at deriving a simple relation for the second-order na,eff.
First-order terms of f)J,eff were given in II as 
in which
Here we have defined
na=2uava,
Next, we write down na,eff. It vanishes in first-order 
Therefore the second-order na,eff can be arranged in the form (3·9)
In the above discussion we have neglected the effect due to the change in the phonon frequency.
Using the above expansions, we can derive the effective operators for pt and N up to second-order. We add the effect due to the change in co. Its contribution, denoted as coupI [2"] , is given by owF=(oF/oco)oco, where F is the first-order vibrational result. Details of the expressions are omitted here, because we can identify them from the self-consistency condition and the number equation given in § 4. § 4. Self-consistency condition and number equation
Self-consistency condition
The requirement of the consistency between Petff and the gap parameter
gives the following set of equations. First, the part independent of the collective parameters is written as
The rotational part of Eq. (4 '1) gives
The functions Ri and 5i are defined in Appendix A. Equation (4·4) The first-order vibrational part gives two equations for ~ and 7J
The second-order vibrational part (vib [2' ] +vib [2] ) gives the following four equations for the coefficients of
Finally, we obtain two equations from the coefficients of (1/2)(b t + b) and (1/2)(b t -b) arising from the pair rotation-vibration coupling and the change in w(coup1 [2] ,
Number equation
In relating Neff with the particle number of the system, we take Neff-No to be solely contributed by the lowest-order rotational part of Neff. Namely we put the conditions on No and N -No as follows:
We must thereby require all the higher-order terms of Neff to vanish. Its second-order rotational part gives (4·10) Together with Eq. (4·4), this fixes two coefficients C,t and Cil. From Eqs. (4·6a, b) for ~ and lj, the first-order vibrational part was shown in II to vanish (4 ·12b) (4·12c) Equation (4·12a) involving 60 and 7)20 can be shown to be equivalent to Eq. (4·7b). We can thus determine ~20 and 7)20 by using Eqs. (4·7a, b), ~11, t11 by Eqs. (4·7c), (4 ·12b) and 7)11,011 by Eqs. (4 ·7d), (4·12c). The sum of the coupling terms depending on [2' ] and coup1[2"D is put to zero:
With the aid of equations given in Appendix A, especially Eqs. (A14a, b), we can show that Eq. (4·12d) reduces to Eq. (4·7f). For the determination of o~, 07) and ow, a supplementary equation to Eqs. (4·7e, f) will be derived in § 6.
In order to have some physical insight, we will rewrite these equations more transparently in the next section. § 5. Further discussion on Neff and P: ff
Rotational part of Neff and PeJf
In treating the system with the particle number N, the energy gap Ll and the chemical potential A, we use the transformation coefficients Ua, Va and the phonon frequency W associated with the basis system with No, Llo and Ao. In the BCS approx· imation, the particle number and the pair· creation operator have the following average values:
We expand these in powers of the difference X=A-Ao and y=Ll-Llo. First-and second-order differences of na and ma defined in Eq. (3·6a) are given as follows:
After summing over a, we have a relation for N(O) valid up to second-order
(5'4)
By including the effect of CA and C,;J, this relation is modified as
Here AR' and LlR' are defined by
(5'5) (5'6a) (5'6b)
As the particle numbers No and N are equated to the zeroth-and first-order terms of
(5'7a) .
(5'7b)
we must necessarily conclude that the second-order term of N(O) (AR', LlR') vanishes. By a similar argument, the relation
is valid up to second-order. Writing this equation explicitly, we have
. With the aid of the relation 2/G-R3=Rl , Eqs. (4 '4) and (4'10) can be cast into the form (5-11)
In case that F depends also on w, we add owF=(aFjaw)ow to the right-hand side of Eq. (5 on). Appendix B lists the partial derivatives for some of the functions used in the present paper.
We can then express the rot [2] parts of Petff and Neff, and (4-10), as
Neff(rot [2] )=z(oMRl + oLloR2) .
(5-12b)
By using these expressions, Eqs. 
Pair rotation-vibration coupling terms of Neff and PeJf
Terms of Neff and Piff, expressing the effect of coupling between the pair rotation and vibration, involve complicated combinations of Ri and Sj functions. ·However, if we rewrite these in terms of the differences 8Ri and OSj, we can obtain quite transparent expressions.
The 
It is quite plausible to put Eq. (5·20) to be zero, because it means that we extend the vibrational part of the lowest-order number equation (4 ·n) to this order of approximation.
We next consider the coupling part of Petff. 
The coupling part of the self-consistency condition can then be cast into the following equations, valid up to first-order:
By using Eqs. (AI) and (A 7) of II and admitting that the self-consistency condition is now given by Eq. (5·9b), we can show Eq. (5·23b) to coincide with the equation obtained by setting Eq. (5·20) to be zero. Since we can combine oLivib[l] (2·9) with OLiCOUPl(2 ·n) and include ow in the defining equation (2·4), it meets our expectation to have the renormalized parameters ~R, TJR and WR. Only after the above manipulations, however, we can see that together with AR and LiR, they constitute the set of equations determining the phonon frequency· with higher-order corrections. Note that we can replace AR and LiR by X Rand Li'R of Eqs. (5·6a, b) up to the second-order approximation. § 6. Third-order effective Hamiltonian
In constructing the effective Hamiltonian, we put (p t P)eff as P:ffPeff under the Hartree approximation and use the self-consistency condition (6·1)
In third-order, fio,eft and the last term of Eq. (6,1) are split into the rotational part, two kinds of coupling terms (linear and quadratic in phonons) and the vibrational part (cubic in phonons). We will not go into discussion on the vibrational part, because of the difficulty in having a simple physical insight about it. Effective forms of an arbitrary one-body operator 0 and the basis Hamiltonian H o up to third-order in the perturbation V are given in Appendix C.
Rotational part
In third-order, the rotational part of fio,eft is composed of the term arising from Vr[l] acting three times and that involving Vr [l] and Vr [2] each acting once. They will be expressed schematically as (Vr [1] 
In order to help our understanding, we consider the ground state energy of H in the BCS approximation (6·10) which can be decomposed as (6,11) (6·12) By use of the first-and second-order differences of ma and na given in Eqs. (5·2a, b) and (5·3a, b), we find for the corresponding differences of 6 0' [1] 6 =0 , 0' [2] 6 =Ho,eff(rot [2] ) ,
and thus we recover the rotational energy for E(O)(A, LJ)
In third-order, we make use of the expansions 0' [3] na=( -~ T2a+ T4a )X3+( Tla- 
in which (6·21a) We cannot find any simple relationship between the expansion coefficients C and C. Although they are equal for the degenerate single-j configuration, we cannot get the exact result for the energy. For this case we have Expressing8A in terms of M by Eq. (6·19), we can expand Heff as
On the other hand, the exact energy can be expressed as (6·22) (6·23) (6·24) with no terms higher than second-order. These results show a deficiency of postulating the lowest-order self-consistency on the pair rotation.
Pair rotation-vibration coupling linear in phonons
The part of the effective quasiparticle Hamiltonian, depending linearly on phonons in third-order, gets contributions expressed symbolically as (Vr [1] [2] and Vr [2] ® Vv [l] . We further take into account the change in w. In the following, these four terms are represented as I.c. 
+k Finally, the pairing interaction -cpt P yields (b t +b) term with the following coefficient:
By summing Eqs. (6-27 a ~e), the coefficient of
be expressed as a linear combination of 0,1, oLl, e/oA)2 and eioLl)2. The coefficients of e~ and eLl are zero because of the first-order self-consistency (4 0 6a, b) on ~ and r;.
The remaining coefficient becomes
The coefficients of 0,1 and oLl turn out to be zero if we use the second-order selfconsistency (5 0 23a, b) on o~ and or;.
We can thus conclude that fieff(lin. coupI [3] )=O .
Pair rotation-vibration coupling quadratic in phonons
The part of the effective quasiparticle Hamiltonian, depending quadratically on phonons, gets contributions from Vr [l]0( Vv[l] Y, Vr [1] 0 Vv [2] , Vv [1] 0 Vc [2] , and that due to the change in w. In this order, we write fio,eff as fiO,eff(quad. coupI [3] )= L:
The contribution from the pairing interaction in fieff is denoted as COUPI [35] (6 0 30b)
We now study the coefficients of (b t b t + bb), (1/2) 
arising from the quadratic coupling. First, the coefficient of (b t b t + bb) is composed of the following terms (the q.c. [3; ] term is meant to be derived from COUPI[3i]):
(6'31e)
In the sum
the coefficients of 0,1 and oLl can be shown to be equal to 0 and (2/G)';20, respectively, if we use Eqs. (4 '12a) and (4' 7 a). Then the coefficient of (b t b t + bb) in Heff can be written in the form
The corresponding coefficient of Heff in second-order, Eq. (3'25) of II, is just the square bracket of Eq. (6'33), which turns out to be zero because of the first-order selfconsistency. The same condition in second-order brings the above difference to zero. In a similar manner, we obtain the coefficient of (1/2)(b t b + bb t) in Heff (quad. coup1 [3] ) as (6·34) if we extend the normalization condition on .; and 7] given in Eq. (3'29) of II to higher-order so as to (6'35) This constitutes the third equation for determining 0 ';,07] and ow in addition to Eqs. (4'7e, f) or Eqs. (5'23a, b) .
Finally, the coefficient of (1/2)(b t b -bb t) in Heff(quad. coup1 [3] ) becomes
The corresponding coefficient of the second-order Heff is equal to the content of the square bracket of the above equation. Summing up with the second-order term, the total coefficient of (1/2)(b t b-bb t ) can be expressed as
We thereby obtain the result that H eff(vib [2] ) + Heff(quad. coupI [3] )=Ev (AR, L1R, ~R, 7] 
in which Ev is the zero point energy of the vibration given by Eq. (3·30) of II. § 7. Summary and conclusion
We have applied higher-order DNFT to the study of collective excitations of a nuclear system with the pairing force. We expand the collective parameters prescribing the deformed-field Hamiltonian up to second-order in the amplitudes of the pair rotation or vibration. In the expansion of the chemical potential, we have assumed the constant phase velocity, which is one of the basic ingredient of DNFT. Consequently, the residual interaction between particles and collective modes decomposes into the first-and second-order parts. Effective operators are calculated for the pair-creation and number operators up to second-order, and the Hamiltonian up to third-order.
Pair-rotational parts of Neff, Petff and H~ff correspond to the expansions of N(°l, (Ao, L10) in the form of the rotational energy with the moment of inertia specified by AR and L1R (d. Eq. (6·9». In this sense we must treat the second-order corrections in the rotational parts of (A -, (0) Thus the higher-order corrections can also be treated in such a way that we disregard the second-order terms in the vibrational and coupling parts of (A -,(0) and (L1-L10) and the 8w term, and omit all the diagrams expressing the coupling of the rotation with vibration, and determine the renormalized ~R, 7]R and WR from AR' and Lin' by using Eqs. (5·23a, b) and (6·35) as in the lowest-order approximation. With this procedure, we can considerably simplify the treatment of the higher-order expansion. We recall that for the quadrupole vibration we can prove the equivalence of DNFT with the boson expansion theory by using the lowest-order self-consistency, if we omit diagrams expressing the renormalization effect. 4 ) From the second-and third-order calculations presented here, we can infer the collective behavior of the system interacting by the pairing force in more higher-order approach. The pair rotational energy is expanded as a series in power of O' A, with the coefficients referring to the No system, which can also be expressed by using those of the N system. The pair vibrational mode yields a higher-order RPA equation. Its renormalized coefficients correspond to the N system. Coupling of the rotation with vibration does not appear explicitly. It is absorbed in renormalizing the collective parameters and the coefficients of the higher-order RP A.
P(O) and E(O) with the renormalized A and L1 as the arguments. But we cannot express the difference E(O)(AR', L1 R ') -E(O)

Appendix A --Definitions and Some Useful Re(ations on Ri(X) and Si(X)--
In a similar way, Ru{x) and Sij(x) are defined as follows:
The first and second derivatives of Ri(X) with respect to x are denoted as R/(x) and R/'(x), respectively. Similar definitions hold for Si(X). We can express Ria and Sia as
N ext we show some simple relations Rl+R3=b, Sl+S3=~;' S2+S4=~:'
S21(X)+S23(X)=SO(x) .
By using the equation we obtain
. in which So(x) is regarded to be equivalent to Soix). Similarly, the relation We also have 2EaRoa(x) = Soa(X) + xSoa(X) ,
2EaSoa(x)=Roa(x)+xRoa(x) .
Appendix B --Derivatives of F (J.., Ll, w) with Respect to J.. and Ll-- 0, qi, Pj, ) + originally standing in the order from left to right, is now arranged in the reverse order, accompanied by the transposition 1<->2 . in their coefficients y.
(el)
In the special case of the basic Hamiltonian Ho, the above expression becomes very simple,
